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DG CATEGORIES AND EXCEPTIONAL COLLECTIONS 


AGNIESZKA BODZENTA 


ABSTRACT. In Bondal and Kapranov describe how to assign to a full exceptional collection on a variety 
X a DG category C such that the bounded derived category of coherent sheaves on X is equivalent to the 
bounded derived category of C. In this paper we show that the category C has finite dimensional spaces of 
morphisms. We describe how it behaves under mutations and present an algorithm allowing to calculate 
it for full exceptional collections with vanishing Ext” groups for k > 1. Finally, we use it to describe an 
example of a non-commutative deformation of certain rational surfaces. 


INTRODUCTION 


Derived categories of coherent sheaves have been an object of vivid interest since their discovery in 
1960’s. Full strong exceptional collections are one of the most important tools used to study them. As 
proved in [B], such a collection on a smooth projective variety X provides an elegant description of the 
category D?(Coh(X)) — it is equivalent to a derived category of modules over a quiver with relations. If an 
exceptional collection ø is full but not strong the description becomes more complicated. In Bondal 
and Kapranov prove that in this case the category D? (Coh(X)) is equivalent to a bounded derived category 
of modules over some DG category C,. It follows from the construction that C, has finitely many objects. 

The DG category Cs is a full subcategory of an enhancement of D®(Coh(X)) — a DG category C such 


that H°(C) is equivalent to D°(Coh(X)). Lunts and Orlov in show that this enhancement is strongly 
unique. Canonically the DG category Cisa subcategory of complexes of injective sheaves. Such a description 
suggests that the category C, has infinitely dimensional spaces of morphisms between objects and therefore 
it is inconvenient to work with. 

In this paper, using the theory of A. categories, we show that Co can be in fact chosen to be finite and 
oriented. It means that one can partially order objects of Ce in such a way that there are no nontrivial 
morphisms from C; to C2 if C2 < Cı. Furthermore, all spaces of morphisms in C, are finite dimensional. 
Thus, C, can be graphically presented as a DG quiver — a quiver with grading and differential on arrows. 

The set of full exceptional collections on X admits an action of the braid group. It is given by mutations 
defined in [B]. Using twisted complexes we lift this action to associated DG categories. It allows us to 
describe the category Co for any collection o which can be mutated to a strong one. 

Families of full exceptional collections on rational surfaces have been given in |HP]. Hille and Perling 
also describe how to obtain a tilting object from a full exceptional collection with Ext* groups vanishing for 
k > 1. Using their idea of universal extensions we can calculate the DG category Co for any full exceptional 
collection o = (E€1,...,€n) with Ext” (Ei, Eş) = 0 for k > 1. In particular, this condition is satisfied by full 
exceptional collections of line bundles on smooth rational surfaces. 

We calculate the category C, for an exceptional collection on P? blown up along a subscheme of degree 
two supported at one point. It turns out that finding a triple Massey product of morphisms in this collection 
is the most important part of the whole calculation. 

Full strong exceptional collections have also been used in [AKO], and |P] to describe non-commutative 
deformations of varieties. Knowledge of the DG categories of not necessarily strong exceptional collections 
can lead to a generalisation of this idea. We present an example of a non-commutative deformation from P? 
blown up in two different points to P? blown up along a subscheme of degree 2 supported at one point. 


1. ENHANCED TRIANGULATED CATEGORIES 


Let us recall definitions and facts about enhanced triangulated categories and exceptional collections after 


(BI, [BK], and (KI). 


Exceptional collections and mutations. Let D be a C-linear triangulated category. An object E € D 
is called exceptional if D(E, E) = C and D(E, Efi]) = 0 for i 40. An ordered collection o —(E,,...,E,) of 
exceptional objects is called an exceptional collection if D(E;, E;|k]) = 0 for i > j and all k. An exceptional 
collection o is strong if we also have D(£;, E;[k]) =0 for k £0 and alli, j. It is full if the smallest strictly 
full subcategory of D containing K,,..., En is equal to D. 

Let (E, F} be an exceptional pair in D. Then (LgF, E) and (F, RrE) are also exceptional pairs for Dp F 
and RpE defined by means of distinguished triangles in D. 


The author is supported by a Polish MNiSW grant (contract number N N201 420639). 
Key words and phrases. Exceptional collections, DG category, non-commutative deformation. 


1 


2 A. BODZENTA 


LgF > Homp(E, F) 8 E > F > LgFf[1], 
E—> Homp(E, F)* & F > RFE > EN. 


Here, Homp(E, F) denotes a complex of C-vector spaces with trivial differential; Homp(E, F) = 
DPD(E,Fİk). For an element E € D and a complex V* the tensor product is defined by 
. dimV* 
E V° = Orez Bip EKİ. 
For an exceptional collection o = (E1, ..., En) the i-th left mutation L;o and the i-th right mutation Rio 
are defined by 


Lio = (E, a ene Pii Dp, Fis, Eş, Ei+2, k En), 
Ryo = (Ex, sae , Ei—1, Fişi, Re,,,Ei, Kita, serg En). 
Mutations define an action of the braid group on the set of full exceptional collections. 
Enhanced triangulated categories. 


Definition 1.1. A DG category is a preadditive category C in which abelian groups C(A, B) are endowed 
with a Z-grading and a differential 0 of degree one. The composition of morphisms 


C(A, B) 8 C(B,C) > C(A, C) 


is a morphism of complexes and for any object C € C the identity morphism idc is a closed morphism of 
degree zero. 


We assume that all DG categories are C - linear. 

For an element x in a graded vector space we will denote by |z| the grading of x. By C'(A,B) we will 
denote morphisms of degree i. 

A DG category C is ordered if there exists a partial order < on the set of objects such that C(A, B) = 0 
for B < A. It is finite if the set of objects of C is finite and for any C1, C2 € C the vector space C(C1, C2) is 
finite dimensional. 

To a DG category C we associate three categories. The graded category CS" is obtained from C by forgetting 
the differentials on morphisms while the homotopy category H(C) has the same objects as C and morphisms 
given by the cohomology groups of morphisms in C. A further restriction to the zeroth cohomology gives a 
preadditive category H°(C). 

A morphism s : C > C” in C is a homotopy equivalence if H(s) is an isomorphism. Then we say that C 
and C” are homotopy equivalent. 

A DG functor between two DG categories C and C’ is an additive functor F : C > C’ which preserves the 
grading and differential on morphisms. DG functors between DG categories form a DG category. 

Let FG:Cı—>C> be DG functors. To construct a DG category DG-Fun(Cı,C>) we put 
DG-Fun(Ci,C2)*(F,G) to be the set of natural transformations t: FS“ > G®[k] (i.e. for C € Cı we 
have to € Ck(F(C),G(C))). The differential 9 is defined pointwise; for to : F(C) > G[k|(C) we have 
(A(t))o = Alte) : F(C) > Gk — 1(C). 

The category of contravariant DG functors is denoted by DG-Fun°(C,C’). A functor F:C—> C’ isa 
quasi-isomorphism if H(F) : H(C) > H(C’) is an isomorphism. 

The category DGVectc of complexes of vector spaces with homogenous morphisms f : V° + W°, f(V") c 
WŻ+tk and a differential 

Of) = Ow fi — (1) lp ay 
is a DG category. 

A right DG module M over a DG category C is an element of DG-Fun°(C,DGVectc). After we 
define a derived category D(C) as a localization of H°(DG-Fun°(C, DGVectc)) with respect to the class of 
homotopy equivalences. By D?(C) we will denote the subcategory of D(C) formed by compact objects. The 
Yoneda embedding gives a functor h : C > D(C) which assigns to every C € C a free module hc = C(—, C). 

For a DG category C we define the category C of formal shifts. The objects of C are of the form C [n] 
where C € C and n € N. For elements Ci [k] and C2[n] of C we put Homg(Cı [k], Co[n]) = Hom” =* (C1, Co). 
For appropriate sign convention see |BLLJ. 

Let B,C be objects of a DG category C and let f € C(B,C) a closed morphism. Assume that B[1] is also 
an object of C; i.e. there exists an object B’ and closed morphisms t : B—> B’, t’ : B’ > B of degree 1 
and -1 respectively such that t/t = idg and tt’ = idp. An object D € C is called a cone of f if there exist 
morphisms 


Bat. poe Os ht) 
such that 
pi=1, sj—l, st=0, po =0, ip+js=l1. 
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It is proved in that the cone of closed degree zero morphism is uniquely defined up to a DG 
isomorphism. 

One can formally add cones of closed morphisms to a DG category C by considering the category CPt’ 
of one-sided twisted complexes over C. 


Definition 1.2. A one-sided twisted complex over a DG category C is an expression (DB, Cilril, i,j) where 
C; 's are objects of C, ri € Z, n > 0 and qj € C'(C; [ri], Cj[r;]) such that gi; =0 fori > j and 0q+¢? =0. 
One-sided twisted compleres over C form a DG category CP'SİT with the morphism space between 
C = (Ð Cilr:],q) and C" = (Ð C;[r;],g') given by the set of matrices f = (fiz), fig + Cilri] > Gilrj). 
With a differential defined as 
Af) = Afis) +F- (1) fa 


the category CP'SİT is a DG category. We will denote its zeroth homotopy category H9(CPreir) by Cir. 
Let C = (PC; [ri], qij) be an object of CP'*-ir. The shift of C is defined as C[1] = (DCilri + 1], —qi,;). 
The category CP’ is closed under formal shifts. 
Let f : C > D be a closed morphism of degree 0 in CP, where C = (@j_, Cilril,ai,;), D = 
(BD, Dilsi], pij). The cone of f is a twisted complex C(f) = (DJ Etil, uij), where 
C; fori <n, 
Pi = { Dj-n fori>n, 
a= { ry +1 fori<n, 


Si fori >n, 
dij for i,j < n, 
uij =$ fij-n fori<n< j, 


Di-nj-n fori,j >n. 


The convolution functor Tot : (CPe')pretr _, Grreir establishes a quasi-isomorphism between 
(GP YP ir and CPT, Let Ci = (Bİ, Diril, dig) be objects of CP'*İ and let C = (DE, Cilril, qij) be a 


twisted complex in (CP***")Pre™, Then the convolution Tot(C) is equal to (Bj_, Di, Dir + ril, Gn + qij). 

The DG category C is pretriangulated if the embedding H°(C) > Cİ” is an equivalence. The category 
H°(C) for a pretriangulated category is triangulated. 

A triangulated category D is enhanced if it has an enhancement — a pretriangulated category C such that 
D is equivalent to H°(C). 

Recall, that an additive category is Karoubian if every projector splits. The category C* needs not to be 
Karoubian. As showed in the category D(C) is the Karoubization of Cr. 

A standard example of an enhanced triangulated category is the derived category D(A) of an abelian 
category A with enough injectives J. Its enhancement is the category of complexes of injective sheaves 
Kom(Z). 

With the above definitions we are ready to state the following theorem. 


Theorem 1.3. [Theorem 1 of [BK]] Let C bea pretriangulated category, E\,..., En objects of Č andC CC 


the full DG subcategory on the objects Ei. Then the smallest triangulated subcategory of H°(C) containing 
E,,...,En is equivalent to C as a triangulated category. 


It follows that a full exceptional collection o = (E,,..., En) in an enhanced triangulated category D 
leads to an equivalence of D and C} for some DG category Co. The category Co is a subcategory of the 
enhancement of D and thus H*(C,(E, F)) = D(E, F[i]) for any elements E, F of o. 


Remark 1.4. If an enhanced triangulated category D is Karoubian, a full exceptional collection o leads to 
an equivalence of D and D°(C,). 


2. PROPERTIES OF DG CATEGORIES ASSOCIATED TO FULL EXCEPTIONAL COLLECTIONS 


From now on let X be a smooth projective variety. Let D?(X) = Dİ(Coh(X)) denote the bounded derived 
category of the category of coherent sheaves on X. It is an enhanced Karoubian triangulated category — its 
enhancement is given by Kom? (I ) — the DG category of complexes of injective sheaves bounded from below 
and with finitely many nonzero coherent cohomology groups. 

Let o = (€1,...,€,) be a full exceptional collection of coherent sheaves on X. By Theorem[L.3]there exists 
a DG category Co with objects €1,...,€ such that Dİ(X) is equivalent to Cİ. As D°(X) is Karoubian the 
same is true about C and hence C* = Dİ(C,). As o is an exceptional collection the category H(C,) is 
ordered and finite. 

As two quasi-isomorphic DG categories have equivalent derived categories, the category C, is determined 
up to a quasi-isomorphism. 
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Remark 2.1. If a DG category C has only zeroth cohomology then it is quasi-isomorphic to H(C) = H°(C). 
Indeed, for C1, C2 € C let C(C1, C2) = @nez C” (C1, C2) with differential 


OAOA t c” (Ci, C2) —> GL, C2) 

and let Cz be a DG category such that ob Cr = ob C and 

Cr(C1, C2) = @ C (C1, C2) © kerdh, cz- 

n<0 

Then the natural inclusion functor Cr > C is a quasi-isomorphism. Let us also set 

Joc, = Im(9G).¢,) e (Q C (01, C2)) 

n<0 

for any Cı and C% in C and consider the category Cı/y with ob Cz;j = ob C and 


Cı/ı(Cı, C2) = Cı(Cı, C2)/Jer,Cr- 


Then C;/, is isomorphic to H(C) and the natural functor Cy + Cr/y is a quasi-isomorphism. 
It shows that if o is a strong exceptional collection the DG category C, is quasi-isomorphic to an ordinary 
category. 


Finiteness. As the enhancement of D is Kom? (I ), calculating the category C, requires taking injective 
resoultions. This suggest that the category C, can have infinitely dimensional morphisms spaces. However, 
it is Aço-guasi-isomorphic to an ordered DG category with finite-dimensional morphisms between objects. 


Axo categories. We recall definitions after and [L-H]. 


Definition 2.2. An A category A over C consists of 

e objects ob( A), 

e for any two A,B € ob(A) a Z - graded C-vector space A(A, B), 

e for anyn>1 and a sequence Ao, Ai,..., An E 0b(A) a graded map: 

Mn : A(A,-ı, An) 8...8 A(Ao, A) — A(Ao, An) 
of degree 2 — n such that for any n 
So GİY İmei” @ m, @ id”) = 0. 
r+s+tt=n 


Note that when these formulae are applied to elements additional signs appear because of the Koszul sign 

rule: 
(F @ 9)(a 8 y) = (-1)*"'5! F(x) @ gly). 

An Ax algebra is an Ax category with one object. 

An Aæ category A is ordered if there exists a partial order < on the set ob( A) such that A(A, A’) = 0 
for A’ < A. It is finite if ob(A) is a finite set and A(A, A’) is finite-dimensional for any A and A’. 

The operation mı gives for any A,B € ob(A) a structure of a complex on A(A, B). The homotopy 
category with respect to mı is denoted by H(A). 

The A. category is minimal if the operation mı is trivial. 

Any DG category can be regarded asan A, category with mı given by the differential, m2 given by 
composition and trivial m,’s for i > 2. 

For any set S there exists an A, category C{S}. The objects of C{S} are elements of S and 


0 otherwise. 


C{SH1.50)={ n 


All operations m, in C{S} are trivial. 


Definition 2.3. A functor of Aç categories F : A —> B is a map Fo : ob( A) > ob(B) and a family of graded 
maps 
Fy hi A(An-1, An) ®...8 A(Ao, A) — B(Fo(Ao), Fo(An)) 
of degree 1 — n such that 
So GİYER idim, @ id") = SS!  (-1)?m,(Fi, ®...8Fi,), 
r+s+t=n at...Fip=n 
where p = (r — 1)(#1 — 1) + (r — 2)(i2 — 1) +... + 2(ir—-2 — 1) + (ir-1 — 1). 


Composition of functors is given by 


(FoGn= > F,0(Gi, ®...@Gi,). 
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A functor F : A > Bis called an A. -quasi-isomorphism if Fı is a quasi-isomorphism. 

An A, category A is strictly unital if for any object A € ob(A) there exists a morphisms 14 € A(A, A) 
of degree 0 such that for any object A’ in A and any morphisms p € A(A, <A’), y € A(4', A) we have 
mo(¢, 14) = ¢ and mə(14, Y) = b. Moreover, for n # 2 the operation Mp equals 0 if any of its argument is 
equal to 14. 

In particular, for any set S the category C{S} is strictly unital. 

The category A is homologically unital if there exist units for the homotopy category H(A). 

Lefévre-Hasegawa in |L-H| gives a connection between strictly and homologicaly unital categories. 


Proposition 2.4. Minimal homolgically unital Aj category is Ago-quasi-isomorphic to a minimal strictly 
unital Aç category. 


Remark 2.5. A minimal A» category is equal to its homotopy category. Hence, an A,.-quasi-isomorphism 
F given by the above proposition satisfies F, = id. 


An A, category A is augmented if there exists a strict unit preserving functor e : C{ob(A)} > A. Then 
A decomposes as A = C{ob(.A)} & A. 


Minimal model. Any Ax category A is A.o-quasi-isomorphic to its homotopy category H(A). 


Theorem 2.6. [Kadeishvili [Ka]] Jf A is an A. category, then H(A) admits an Ax category structure such 
that 

(1) mı =0 and mo is induced from m3 and 

(2) there is an Ago-quasi-isomorphism A > H(A) inducing the identity on cohomology. 


Moreover, this structure is unique up to a non unique A.-isomorphism. 
The Aæ category H(A) is called the minimal model of A. 


Remark 2.7. Let C be a DG category. Its minimal model H(C) is Aço-guasi-isomorphic to a strictly unital 
Aæ category. Indeed, the category C is strictly unital and hence homologically unital. Its homotopy category 
is also homologically unital and Proposition[2.4]guarantees that there exists a stricly unital minimal category 
A.o-quasi-isomorphic to H(C). 


The universal DG category. For any A category A there exists a DG category U(A) and an A.-quasi- 
isomorphism A > U(A). To define the category U(A) we need the following definitions (see further [L-H]). 


Definition 2.8. A DG cocategory B consists of 


e the set of objects B; € ob(B), 

e for any pair of objects Bi, Bj € ob(B) a complex of C-vector spaces B(B;, Bj) with a differential di 
of degree one and 

e a coassociative cocomposition — a family of linear maps 


A: B(Bi,B;) > >> B(By, Bj) @ B(Bi, By). 
B,€0b(B) 
These data have to satisfy the condition 
Aod=(d@id+id@d)joA. 


For any set S the Aç category C{S} is also a DG cocategory. 
A functor ® between DG cocategories B and B’ preserves the grading and differentials on morphisms and 
satisfies the condition 
Ac®=(P@QO)oA. 


A DG cocategory B is counital if it admits a counit — a functor 7: B > C{ob(B)}. The category B 
is coaugmented if it is counital and admits a coaugmentation functor e : C{ob(6)} > B such that the 
composition ne is the identity on C{ob(B)}. 

Let B be a coaugmented DG cocategory.Denote by B a cocategory with the same objects as B and 
morphisms B(B;, B;) = ker e. 

For an augemnted A. category A one can define its bar DG cocategory B,(A). Recall that as an 
augmented category A can be written as A © Cfob(A)}. Then B.(A) = T°(S.A) is a tensor cocategory of 
the suspension of A. Here SA denotes the category A with a shift in a morphisms spaces (SA)” (A, A’) = 
ArtI(A,A)). SA is not an A% category, however the operations m,, in A define graded maps of degree 1 in 
SA 

bn i SA(An-1, An) ® © SA( Ao, A) + SA(Apo, An), 
bn = —SO Mn 0 w8”, 


where s : V > SV is a suspension of a graded vector space V and w —s |, 
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The cocategory B..(A) has the same objects as A and 
B(A)(A, 4) = SAYA, A) @ SAM, A!) @ SALA, Ai) 
A €ob(A) 
e @ SAM, A’) @ SA(Ai, A2) @ SALA, Ai) ® 
A;,A2€ob(A) 


for A # A’. In the case A = A’ we have 
Bxo(A)(A, A) =14 8 SA(A,A)@ @ SAA, A) @ SALA, A1) 
Az €ob(A) 
e DB SAM, A) ® SA(Ai, A2) SA(A, A1) © 


A1, A2€ob(A) 


where the degree of 14 is zero. To simplify the notation we shall write (0,,...,aı)fora, Q... 8 a1. The 
differential in B..(A) is given by 


d(Qn,.--,Q1) = 

n n— Si 

> 1ta a apk, Ua Cie iy Ga oes 
k=1 [=1 


for (Qn,..-,Q1) E Boo(A)(A, A’). The cocomposition is given by 
Alan,...,01) = 


ly 8 (Qn,---, 01) + (Qn,---, 1 LUX Qn,- Ayı) B(ay,...,01). 


With these definitions B. (A) is an augmented DG cocategory. 


Remark 2.9. Let A be an ordered and finite A. category such that A(A, A) = 0 for any object A € obA. 
Then the DG cocategory B..(A) also satisfies these conditions; i.e. is ordered, finite and B..(A)(A, A) = 0 
for any object A. 


Analogously, to an augmented DG cocategory B via a cobar construction one can assign a DG category 
Q(B). Let B be a DG cocategory with a differential d and cocomposition A. Its cobar DG category is equal 
to T(S~1B). Here S~1B denotes the shift of the cocategory B and T(S-1B) is the tensor DG category of it. 
As before the morphisms spaces in T(S~1B) are given by 


2(B)(B, B') = S'B(B,B')}e CB S7'B(Bi, B’) @ S~'B(B, Bi) 
Bı €ob(B) 
e © __ S7'B(B2, B’) ® S~'B(Bi, B2) ® S~'B(B, B1) $ 
B,,B2€ob(B) 


for B # B’ and by 


2(B)(B, B) = 1s ©S7'B(B,B)® CB S7'B(Bi,B) @ S~'B(B, Bi) 
Bı €ob(B) 
e © s'B(B.,B)aS-Ğ8(B,,B)eS 'B(B,Bı)6 
Bı,B>€ob(B) 


for Ip — a morphism in degree zero. The composition in Q(B) is defined by concatenation and the differential 
ð on the morphisms spaces is 


0=5°18...81@(d+A)@1...91. 


Remark 2.10. If an ordered and finite DG cocategory B satisfies the condition B(B, B) = 0, then the same 
is true about Q(B). 


For an augmented Aæ category A its universal DG category U(A) is defined as 2(B..(A)). There is a 
natural map A > U(A). Lefévre-Hasegawa proves in that this map extends to a functor and is an 
Aco-guasi-isomorphism. Moreover, for an A.o-guasi-isomorphisms ¢ the functor U(@) is a quasi-isomorphism 
of DG categories. 
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Aç modules. 


Definition 2.11. An A, module over an Ag category A is an Ax functor M : A > DGVectc. A morphism 
of modules G : M —> N is given by a family (Ga : Mo(A) > No(A))aeo of morphisms in DG Veciç such 
that the diagrams 


Mn (An-1®...@a 
Mo (Ao) 2 Oe (An) 


[oa Gan 
N. 


No(Ao) n(Qn—-1@..-@ao) 


No(An) 
commute for any n EN, A; E€ obA and a; E A(A;, Ai+i). 


The category of As modules over an Ax category A will be denoted as Modötrici 4, This notation agrees 
with the notation in |L-H|. 

The morphism G : M > N of modules is an A..-quasi-isomorphism if GA is a quasi-isomorphism of 
complexes for any A € obA. 

The derived category D..(A) of an A, category A is defined as a localization of the category Modirit A 
with respect to the class of A.o-quasi-isomorphisms. For A,.-quasi-isomorphic A. categories the derived 
categories are equivalent. 


Remark 2.12 (see [L-H]). For a DG category C the derived categories D(C) and D(C) are equivalent. 
It follows that for any augmented A, category A the derived category D(A) is equivalent to the derived 
category of the universal algebra D(U(A)). 


Theorem 2.13. Let C be a DG category with finitely many objects. Assume that H(C) is an ordered and 
finite graded category such that H(C)(C,C) = C for any C € C. Then there exists an ordered and finite DG 
category C such that D(C) is equivalent to D(C). 


Proof. Theorem[2.6]guarantees existence of a minimal model of C — an Ax category H(C). By remark[2.7]|we 
can assume that H(C) is strictly unital. As H(C)(C,C) = C for any C the category H(C) is an augmented 
oriented A, category. We have 


D = D(C,) = D(H (Co) = D(U(A(C,)). 
Remarks [2.9] and E.10| show that the category U(H(C,)) is ordered and finite. 


Corollary 2.14. Let X be a smooth projective variety and let o = (E1, ...,En) be a full exceptional collection 
on X. There exists an oriented, finite DG category Co such that D(X) is equivalent to D°(C,). 


Proof. By theorem [L3] there exists a DG category Co such that D?(X) = D°(C,). As sheaves €),...,En are 
exceptional and the category Coh(X) is Ext-finite, the category C, satisfies conditions of theorem 2.13] and 


there exists a DG category C, such that categories D(C,) and D(C,) are equivalent. As D°(C,) C D(C,) is 


the subcategory of compact objects it follows that D°(C,) = D? (Co). 


The category C, is A.o-quasi-isomorphic to the category Co and hence H* (CAS, Ej)) = Ext% (Ei, Ej). 
To simplify the notation we will denote by C, an ordered finite DG category associated to a full exceptional 
collection o. 


Action of the braid group. We have seen that the braid group acts on the set of exceptional collection. 
'This action lifts to associated DG categories. 

Twisted complexes provide a description of the categories Cr;g and Cr,, by means of Co. To see it we 
need to define a tensor product of a twisted complex with a complex of vector spaces. 

Let C be a finite DG category, C e CP“ be a twisted complex and let V° be a finite dimensional complex 
of vector spaces with the differential 0’: V’ > V‘t'. C @V is defined as (Deivixoy Ojiji g) € 
(cPre-tr)pre-tt_ The morphisms g;,;+1 are induced by the differential 0° tensored with the identity on C and 
qij =0 for 7 Ait+1. 

Now, let C, D € CP** be twisted complexes. There exist closed morphisms of degree 0 

@:C ® Homere- (C, D) > D, 
p :© > Homers- (C, D)* @ D. 
The morphism giç : C[—i]®¢™ Hom'(C,D) _, D iş given by morphisms of degree i between C and D; w is 
defined analogously. Now we define new twisted complexes over C 
LoD = Tot(C(¢)|-1)), 
RpC = Tot(C(v)), 
where C(¢) denotes the cone of ¢. 
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Let o = (&,...,E,) be a full exceptional collection on a smooth projective variety X and let 
Co be the category described in the theorem 2.13] Let denote by E1,..., En objects of Co. We 
define two full subcategories of CPt"; CE with objects Fy,..., Ei, De, Ei+1, Fi+2,... En and CE: with 
Eı,...,Eia,Re, Fi, Eipre En. 


i+1 
Proposition 2.15. Let o = (&,...,En) be a full exceptional collection on X and let Co be a finite DG 
category with objects E,,...,E, with H*C,(E;,E;) = Ext% (E, Ej) and such that D’(X) is equivalent to 
D°(C,). Then the categories Ck: and C® satisfy analogous conditions for the collections Lio and Rio 
respectively. 


Proof. As the category C, is finite, mutations of twisted complexes over C, are well defined. Furthermore, 
the category D?(X ) is equivalent to co Under this equivalence Le,Ei+1 corresponds to Lg, Ei+1. Hence the 
category C2: is the DG category described by theorem[L.3] By construction it is also finite. 


3. CALCULATING THE CATEGORY C, 


First, let us define universal extensions after [HP]. 


Universal extensions. Let Æ, F be objects of a C-linear abelian category. Note that End(Ext'(E, F)) = 
Ext'(E,F © Ext'(E,F)*). As id € End(Ext!(E,F)) there exists a distinguished element id of 
Ext’ (E, F @ Ext (E, F)*). 

E — the universal extension of E by F is defined as the extension of E by F ® Ext (E, F)* corresponding 
to id € Ext! (E, F @ Ext! (E, F)*). E fits into the short exact sequence: 


(1) 0 —> F 8 Ext! (E, F)* — E — E — 0. 
This short exact sequence gives the long exact sequence 
0 —> Hom (E, F) —> Hom (Ë, F) —> Hom (F, F) @ Ext (E, F) —.... 


It shows that Ext! (E, F) = O and the groups Ext”(E, F) and Ext”(E, F) are isomorphic for n > 1 if 
Ext” (F, F) = 0 for n > 0. 

Moreover, if Ext” (F, E) = 0 for n > 0, Hom(F, F) = C and Ext1(F, F) = 0 for q > 0 then the long exact 
sequence 


0 ——> Hon (F, F) © Ext (E, F)* —> Hom(F, E) —> Hom(F, E) ——... 


shows that Hom(F, E) = Ext! (E, F)*. F 
Thus, if F is exceptional and Ext” (F, E) = 0 for all n, the objects E, F and morphisms between them 
determine E — as a cone of the canonical morphism 


F & Hom(F, E) > E — E. 

Assume that (E, F) is an exceptional pair in an enhanced triangulated category with the enhancement g 
and denote by C the DG subcategory of C with objects E and F. Then the cone of the canonical morphism 
F ®Hom(F, E) > F in CP"! corresponds to E. Hence, as in the case of mutations, knowing the DG 
subcategory of C with objects E and F we can calculate the DG subcategory with objects E and F. 


Theorem 3.1. Let o = (E1,...,En) be a full exceptional collection on a smooth projective variety X such 
that Ezt" (E;, Eş) = 0 for k > 1 and any i, j. The DG category Co can be calculated by means of universal 
extensions. 


Proof. Following we define &(1) = €;(2) = ... = &(i) = E; and for j > i we put &;(4) to be the 
universal extension of &;(j — 1) by &;. 


0 —— €; © Ext’ (E;(j — 1), €;)* — Eli) — &(j — 1) — 0. 


Then F = @j_, €i(n) is a tilting object — it generates Dİ(X) and Ext’ (F, F) = 0 for i > 0. Moreover, 
as the €;’s are exceptional and there are no morphisms from €; to €;(j — 1), the objects €)(n),...,E,(n) 
determine €;’s. Thus, as described above, the endomorphisms algebra of @j_, &(n) determines the DG 
structure of the collection (£,,..., En). 


4, EXCEPTIONAL COLLECTIONS OF LINE BUNDLES ON RATIONAL SURFACES 


After we describe full exceptional collections of line bundles on rational surfaces. 
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Construction and mutations. Let X be arational surface. Then X is a blow up of P? or of the Hirzebruch 
surface F,. There is a sequence of blow-ups 


Tt Tt-1 TI 
X = X, — X%_1 —— 2... — Xo, 


where 7; has an exceptional divisor E; and Xo is either the projective plane P? or the Hirzebruch surface 
Fa. 
Let R; denote preimages of the divisor E; to X;, for k > i. Then Rı,..., R+ are mutually orthogonal of 
self intersection -1. 

Full exceptional collections of line bundles on X can be obtained by an augmentation from an exceptional 
collection on Xo. To describe the augmentation we identify a line bundle £ on X; with its pull back via 7;’s 
and denote them by the same letter. 

Let o = (L),...,£5) be an exceptional collection on X;. The augmentation of o is 
a’ = (L1(Riz1).-., Lr-1(Ri+1), Le, Le(Ri41), Lepi,.--£s5) — an exceptional collection on Xj+1. 

Hille and Perling in proved that all the above described collections are full and have no nontrivial 
Ext? groups between elements. Moreover, mutations allow to present every one of them in the following 
form. 


Proposition 4.1. Any exceptional collection of line bundles on X obtained via augmentation can be mutated 


to (O,O(R:),...,O(R1), £L1,...,Lr), where (O, L1,..., Lr) is an exceptional collection on Xo. 
Proof. As Ox = (m...7)*(Ox,) and the line bundle Ox(R;) is a pullback of Ox,(£;), the projection 


formula gives 


C q=0 
A(X, O(R;)) = H1(X;, O(E;)) = 
(X,0(R) = HEM) İŞ İZE 
C q=0,1 
iğ , = q , ; — f kaa 
H4(X,O(—R;)) = H4(X;, O(—E;)) = 0 
Short exact sequences 
show that 
C q=0 
q = ’ 
C q=1 
q = ? 
Ext"(On(R)0)={ 5 17? 


The collection on X obtained via augmentation is of the form (£1(Rz),..., Li-1 (Ri), Li, £:(Rz), Ligi,-.--Ls), 
where £;'s are pull backs of line bundles on X;4_1. 
Equality 
Hom(L£;, L£;(R:z)) = Hom(O, O(R:)) =C 
and the short exact sequence 


0> Li > £;(R:) > Or, (Ri) > 0 


show that this collection can be mutated to (£1(R:),...,£i-1(Rz), Or, (Ri), Li, Ligi,..-Ls)- 
Then 


Hom(L;(R:z), Or, (Ri) = Hom(O(R;), Or, (Re)) = Hom(O, Or, ) =C 
and the exact sequences 
0> Lk > Le (Ri) > Or, (Rt) > 0 


provide further mutations to (Or,(R:),£1,...,£s)- 
The collection (£1,...,£;) is a pull back of a collection on X;_; and it again has the form 
(£1 (Re-1),---,L£__1(Re-1), Lps Lp(Rt-1), L41,---,£5-1) for some k. As before, it can be mutated to 
(Li (Ri-1),---, Lh (Ria), OR, (Rt-1), Lks- --, £51) and then to (Or,_,(Ri-1), Lis- Lha) 
Continuing, we can mutate the collection on X to (Or,(R:),...,Or,(Ri), O,Lı,...,£,). And this 
collection can be mutated to (O, O(Rz),...,O(Ri), £1,..., Lr). 


10 A. BODZENTA 


Example. Let X be the blow up of P? along the degree 2 subscheme supported at a point xp. The Picard 


group of X is generated by divisors E,, E2 and H with intersection form given by 
FE? =—2, EF=-1, H?=1, 


E E2=1, E,H=0. 


, 


In the notation of the previous section we have 
Rı = Ei + Eo, Ro = Fo. 
The collection (Ox, Ox(E2), Ox (E1 + E2),Ox(H), Ox(2H)) is full and exceptional with a quiver 


B ör 
Ox —% Ox (Ep) — Ox( By + Bp) te Ox(H) EZ Ox (2H) 
Y2 —> 
7 
with 8 in degree 1 and relations 

6142 = 0271, dın = ô371 ba, 

dan = 3V2 bQ, Ba =0, 

118 =0, 728 = 0. 


Let Də denote a strict transform of a line on P? such that Də N Ez # Ø. The morphism 72 in the above 
quiver is zero along D2+ E2. a has zeros along Fz and 8 — along E1. These three morphisms are determined 
uniquely up to a constant. On the other hand, yı is zero along Dı — a strict transform of a line on P? such 
that Dı NE, #0). The divisor Dı is not determined uniquely and one can change yı in the above quiver by 
adding some multiplicity of y2. 

Note that morphisms form Ox to Ox(H) are pull backs of sections of Op2(H). As the pull back of xo in 
X is Ey U Eo, a section of Ox (H) on X is either zero on both E, and E> (possibly with some multiplicities) 
or it is nonzero on every point of E, and £2. Sections having zeros along E and E> are linear combinations 
of yıBa and 580. 

The morphisms 7 in the quiver is any section of Ox(H) which is nonzero on Æ; and Es. Hence, it can 
be changed by adding any linear combination of yı fa and 9580. 

To obtain the relations given, we note that Hom(Ox,Ox(H)) = Hom(Ox(H),Ox(2H)). Then we put 
61 > yıBa, 62  y28a and 63 © n. 

To sum up, a, 8 and > are determined uniquely. Other morphisms can change by 


yw Yi kay 
n ~ n+ by Bat eya 


for a,b,c € C. These morphism determine 6;’s in such a way that the above relations are satisfied. 

In order to calculate the DG quiver of this collection, we have to calculate the endomorphisms algebra of a 
collection (Ox, V, Ox (E + E2), Ox (H), Ox(2H)), where V is defined by a non-trivial extension of Ox (E2) 
by Ox (Fy + Ep). 


0 —> Ox(Eı + E2) SV SO) — 0. 


The collection of sheaves (Ox, V, Ox (Ei + E2), Ox (H), Ox(2H)) is no longer exceptional. However, we 
can still draw the quiver of morphisms between objects. Then we can present Ox (E2) as a complex 


{0x(Eı + E2) © Hom(Ox (Ei + E2), V) > V} 


and calculate the DG quiver of the collection (Ox, Ox (E2), Ox (E1 + E2), Ox (H), Ox (2H)) 
The quiver of ((Ox, V, Ox (Fy + Ep), Ox(H), Ox (2H)) is 


n 
Bee a EN 
Gey 0 (BE) Ox(H) —2> Ox(H) 
dı e 


Here Ç : Ox > V is such a morphism that poÇ—aandı;: V > Ox(H) are such that p1 = yi. Then 
4618626 = yıBa and t2¢18¢2¢ = yeBa. 
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¢, 4 and e; are not determined uniquely, they can change by 
C ~> È + d1 pa, 
by ~ t1 + epi Boe + fyaBde, 
lg ~ t2 + gy Bdb2 + hy2Boe2 


for d,...,h E C. 
The obvious relations in this quiver are: 


don = 6312018426 617 = 631618 G26. 
Moreover, the exact sequence 
0 > Hom(Ox (Bp), Ox(2H)) > Hom(V, Ox (CA) 
> Hom(Ox(Eı + E2),Ox(2H)) > 0 


shows that 
ö143 — 1301 E span{o171Bo2, b1728G2, 62728 G2, 6371 Be, 637282}. 


One has to calculate are the compositions 41Ç and t2¢. 


Calculation of Massey products. The short exact sequence 


e İN tee ei 
gives cı(V) = E, + 2E> and co(V) = 0. Let us consider the short exact sequence 
¢ y 


0—— 0y — V — F — 0. 


Let T > F be the torsion part of F. Then we have the commutative diagram 


|_| 
—— F/ðT ER 


Lot 


¢ 


0—— Ox V F —— 0 
| oy | 

0 — Ox G ———> T ——>- 0 
0 0 


in which G is a sheaf of rank 1. G fits into a short exact sequence 
0—9G7>V>F/T>0 


with V locally free and F/T torsion-free. Hence, G is torsion-free and it injects into its double dual G** with 
cokernel 7”, 


0>4—>G*“—T' 0. 
T’ is a torsion sheaf and a subsheaf of F/T, hence T’ = 0 and G is reflexive. Hartshorne in proves that 
every reflexive sheaf on a smooth surface is locally free and therefore we obtain that G = Ox(D) for some 
effective divisor D. The composition of morphisms 


Ox — Ox(D) * >V Oe, 


is equal to 8, so the morphism Ox (D) > Ox (E2) is nonzero. It follows that D is equal either to 0 or to E>. 
If D = F> then we would have a splitting 


(=O + F) > V —Ž Ox (E2) — 0. 


As V is a nontrivial extension of Ox(E2) by Ox(Eı + E2) we get a contradiction. Hence, D = 0 and 
F is a torsion-free sheaf of rank 1. As co(F) = 0, F is a line bundle. cı(F) = E, + 2E2 shows that 
F = Oxy (Eı + 2E2). Hence, Ç fits into the short exact sequence 


Gp Ox ——> V — Ox (E1 + 2E) — 0. 
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Let L; = ker(;), Ki = coker(v;) and M; = Im(v;). There are three short exact sequences: 


Li 


v 


Mi — 0, 


0 


Mi 


Ox(H) ——+ K; ——~0, 


0——> Ox(E, + E2) ——+> M; — N; — 0. 


The diagram 


S. 


0 0 0 
a 
0 —> 0x (E; + E2) — M; — NM, — 0 
oe 
ee el e. 
| Ot 8 
De —— Li 
| 
0 


Co 


gives relations between the Chern classes: 


cı(V) = E + 2E = cı (Li) + ca ( Mi), 
) 


c2(V) = 0 = c (Li)ca (Mi) + c2(Mi), 
H = a (Mi) + & (Ki), 
c2(Ox(H)) = 0 = a (M;i) (Ki) + co(M;) + c&2(Ki), 
c(Mi) = E + E2 + cı(Mi), 
ca(Mi) = (E1 + E2)c1 (Mi) + c2(Ni), 


Ez = (Li) + a (M), 
0= a (Lija (Ni) + (Ni). 


Diagrams 


DG CATEGORIES AND 


EXCEPTIONAL COLLECTIONS 


0 


| 


0 —+> Ox (Fi + E2) —— Ox(H 


Í 


Gi + E) — 


| 


0 


0 


| 


K2 


| 


— ÖDE, (H) — 0 


| 


N2 


| 


0 


= 
j 


0 


Bii 
| 


show that the support of Nj is Dı, and the support of Nə is contained in Də U Ep. 
Kı can be supported on a finite number of points or on the whole Dı. In the second case we would get 


that Mı - the image of uş is equal to Ox (EF, + E2) and hence the sequence 


ELON + E) öy) —> 0 


splits. But V is a nontrivial extension of Ox (E2) by Ox(Eı + E2) so we know that Kı must be supported 


on a finite number of points. Hence, cı (K1) = O and c1 (M1) 


either Fo, Də or 0 and cı (N2) 


= Dj. 

An analogous argument shows that the support of K can not be equal to Də + EF. 
= Də, Eş or Do + Eş. 

The above diagrams give additional relations 


Hence, cı (Ko) is 


—a(Mı)cı(Kı) = (Mı) — 0, 
c(Mı) pi 


H—E,— Ep =c1(Ni) + & (Ki), 
0 = a (Nj )e1 (Ki) + (Ni) + c2(Ki). 
For 1; we have: 
c& (M1) = Di, 
c1(K1) = c1(Op, (H)) — a (M1) = H — E; — E — Di, 
al(Mı) =H - «1 (Kı) = EF, + Ez + Dı, 
cı (L1) = E2 — & (M1) = E — Di, 
(Mı) = ~a (Li)a (Mı) = 1, 
) 
) = 


(Fy + Ez)cı (M1) =0. 


Mı = mz Q Ox(Eı + E2 + Di), where m, is the maximal ideal of functions vanishing at a point 


TE Dı, 

o Lı = Ox(E2 = Dı), 

e M = OD 

e Ki = O,(H) ~ Oz, (because of the exact sequences Nı > Op, (H) > Kı and mg ® Ox (Ei + E2 + 
Dı) > Ox(H) > O,(H)). 


We want to know whether the composition 


Ox < >y —3 0Ox(H) 


is equal to 0 or 7. 
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¢ and 4 fit into a diagram 


Ox —— Mz & Ox (Fy + Eo + Dı) 


an | 


0—— Ox 


| | | 


0 


We tensor this diagram with Op,. 
Ox (Fi + Fo+ D1)9 0p, = Ofr, Me Or, = On, as x ¢ Ea so there exists an epimorphism V|z, > Op, 
with kernel Og, (—1). 
0 


Or, 


fates 


ai ad ap ee ee 
E2 


Ylz> 
| 
Op, (—1) 
| 


0 
It follows that V|z, = Oz, ® Om, (—1) and the composition 


Ops se Oe Gis 


restricted to Es is an isomorphism. Hence 41¢ does not have zeros along Eg. Changing sı if necessary we 
obtain that 4C = n. 
For iş there are three possibilities 
Də, case (A) 
ci(No) = 4 Eo, case (B) 
E+ Də. case (C) 
Hence, 
E, + E2 + D2, case (A) 
cı( M2) = E + 2 E2, case (B) 
Ei + 2E + Də. case (C) 
Mp is a subsheaf of Ox (H) and hence it is of the form Ox (L) ® Zz, where Tz is an ideal sheaf of a set of 
points Z € Də U Ey. Then cı(M2) = L and c2(M2) = deg(Z) > 0. 
In case (A) we have: 


Ly = Ox (E2 — D2), M2 =0p,, c&(Mə)= Eı + E2 + D2, c2(M2) = 1. 
The second Chern class of M> is negative and it follows that this case cannot happen. 
In case (B) we have: 
Lə = 0x, M= 0p, &l(Mə2)= Ei +2E2, c2(M2) = 0. 


On X we have an inclusion Ox (Fy + E2) > Mz > Ox(H). Tensoring with Op, we get Op, (Eı + E2) = 
Op, (1) and Op, (H) = Op, (1). It follows that Mz © Op, modulo torsion is equal to Op, (1). Whereas, in 
this case it equals to Op, (2). 

Thus, we are left we case (C): 


Lo = Ox(—Dz2), No = OD, +E2, cı(M2) = Ey + 2E5 + Də, c2a( M2) =R 
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We obtain that Mə = My © Ox (Fy + 2E + Də) for some YE Ey U Do. If ye Dz then M2 Q Op, = Op, 
and there is no epimorphism from V|p, = Op, (1) © Op, (1) onto Op,. So y € EN D>. 
Thus, we know that t2¢ is zero on a point y € Ey. Hence it has zeros along Es and one can choose v2 in 
such a way that v2¢ = 0. 
To sum up, the collection (not exceptional!) (Ox, V, Ox(E + E2),Ox(H),Ox(2H)) has a quiver 
61 


Ox(H) > Ox (2H) 


dı F 


with relations: 


uÇzn, Bd2pı—0, t2Ç=0, 
61416 = 0341618 G26, 42416 = 4312918 G26, 
dyl2 — dat E span{d111 6182, 611261 b92, 621261 B G2, 63116182, 63426182}. 


Recall that some of the morphisms can be changed: 


~u kay 

n ~ nt by ba + cy2ba, 

Ç ~ È + doba, 

tı ~ t1 +e bp + fy28¢2, 
t2 ~> t2 + 9V1 Bh2 + hy2BG2 


and 6; © yi fa, İş © ypa, 63 e N. 
A change yı ~ yı + ay2 changes tı to tı + alg (because 411 = yı). As also 6, depends on yı we get 


dıl = Ooty isz (01 f aĝz2)l2 ô2(t1 } atz) = dıl + aðzt2 mi 62l1 = agi — Öl — 69l1 


and hence the parameter a has no influence on the relation between 64/2 and 62/. 
As we want t2¢ = 0 the calculations 


(t2 + gı boz + hy2Bb2)(¢ + doi Ba) = t2¢ + (d + h)y28a + gyi Ba 


show that g must be 0 and h can be arbitrary, as putting d = —h will not lead to any changes in this relation. 
The morphism 7 = 41¢ can be changed by any combination of yı $a and y2fa so there is no condition on 
e and f. 
Calculating 


01 (t2 + ha Ba) — özle + eyi BG2 + fa Ba) = 612 — özü + (h — €)d1728¢2 — fb272B¢2 


we see that e and f can be chosen in such a way that 


b1l2 — Özü, = Adi 116182 + Bd311¢61Bb2 + Cd312618 G2. 
Furthermore, the relation 034301826 = 62t1¢ gives 
0 = 6312618 b26 — bat1¢ = 034261826 — d1l2¢ + Adıl dı Bh2Ç + Bözü 618626 
+C31261 826 = Adıl pı 8626 + Bözü pi Bh2Ç + (C + 1)d3t261Bb2¢ 


and leads to A = 0 = B and C = —1 due to linear independence of 6141618¢2¢, 634161862¢ and 6312¢18¢2¢. 
Note, that the relation 6,12 + 6312182 = 6241 composed with Ç gives 632618626 = ÖLÇ. 
Hence, relations in the above quiver are: 


L2¢ = 0, Bo2o1 = 0, 
d141¢ = 6341918426, d1l2 + 630261862 = Özü. 
The collection (Ox, Ox(E2),Ox (E1 + E2),Ox(H),Ox(2H)) has the DG quiver of the collection 
Ox(Eı + E2) 


(Ox, |e Ox(Eı EN, Ox(H), Ox(2H)) 
V 
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Morphisms from Ox to Ox (F2) have basis 


Ox(E, + E2) Ox(E, + E2) 
ay = e dı ag = dı 
Ox v O Bh2C¢1 V 
Ox(Eı + E2) 
a3 = dı 
Öz —W 


with O(a1) = a2. 
Morphisms from Ox (£2) to Ox (FE, + E2) have basis: 


Ox (E) + E2) Ox(E, + E2) 
bı = dı © ba = 1 
V Ox(Eı + E2) V ae 
with bı in degree 1. 
Morphisms from Ox(E>) to Ox(H) are 
Ox(E, + E2) Ox(Eı + E2) 
c= dı C2 = dı Gá 
V = > Ox (H) V Ox(H) 
Ox (E, + E2) Ox(E, + E2) 
C3 = dı c4 = gi 
y 20, Ox (H) V 2 Ox(H) 
Ox(Eı + E2) Ox(Eı + E2) 
C= dı Hoi Cg = dı 
V Ox(H) ype le Np 


with Ö(cı) = c2 and O(c4) = cs. 
Morphisms from Ox (£2) to Ox (2H) factor through Ox (H) so can be written as ĝ;cj. 
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Relations between these morphisms are 


bıa3 =0, b2a3 = Bo26, 416161 = C2, 
tidibe = cs, 126101 = Cs, t2h1b2 = C6, 
O(e1) = udrbr, O(ca) = tadrbr, c1a3 = l16, 
c4a3 = 0, d2¢1a3 = 63l21b2a3, 61C4 = 62¢1, 
61c1a3 = 634191b243, Orca + Özce = İzci. 


Putting a = a3, B = b2, B= b1, %1 = 191, Yo = lo¢2, €1 = C1 and e2 = c4 we obtain the following DG 
quiver 


B by 
a a 
a 8 1 Öz 
Ox —% Ox (E2) — Ox (E1 + E2) +> Ox(H) > Ox(2H) 
Ya —> 


with relations and differentials given by 


A(e1) = 718, (e2) = 128, ga = 0, 
0172 — 6271; 62€1a = 63y26a, 61 €2 + 63720 = Ô2€1. 


Remark 4.2. In this case, in order to find the DG category associated to an exceptional collection one has 
to calculate triple Massey product of morphisms between its elements. 


5. NON-COMMUTATIVE DEFORMATION 


As in the above example let X be the blow up of P? along the degree 2 subscheme supported at a point 
£o and let Y be the blow up of P? along two different points xg and z1. 

The Picard group of X is generated by divisors E,, E2 and Hx while the Picard group of Y — by divisors 
F, Fo and Hy. 

Let X > P! be the deformation space of Y to X. There exists divisors Do, Dı and Dz on X such that 


Doļt=0} = Hx, Doļtzo} = Hy, 
Dılçızoy = E1 + Ea, Dılçışoy = Fi, 
Dolçioy = E>, Dol 40} = Fe. 


Thus, there exists a collection o = (£,...,£5) on X such that 
o|{t=0} = (Ox, Ox (£2), Ox (Ei ZE E>), Ox(Hx), Ox(2Hx)), 
o|4+40} = (Oy, Oy (F2), Oy (Fi), Oy (Hy), Oy (2Hy )) 


Theorem 5.1. There exists a non-commutative deformation of Yto X - a deformation of a DG 
category of the collection (Oy, Oy(F2), Oy(Fı), Oy (Hy), Oy (2Hy)) to a DG category of the collection 
(Ox, Ox (E2), Ox (Ei + E2), Ox (Hx), Ox (2Hx)). 


Proof. Let t € P! be a parameter and let us consider a DG quiver A(t) 


y2 


with 8 in degree 1, differentials 
dB=t8, Ole) —yıB, Ole) = v8 
and relations 
ea = 0, Ba = 0, die1a = d371 8a, 
6172 = dry, b1€2 + 63728 = b2€1 + tô3€2. 


Let D(t) denote the DG algebra of paths of this DG quiver. 
For t = 0, A(t) is the DG quiver of the collection (Ox, Ox(E2), Ox (E1 + E2), Ox (Hx), Ox (2Hx)). 
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For t 4 0, D(t) has cohomology groups concentrated in degree 0 and hence is quasi-isomorphic to the 
path algebra of the following quiver 


NG 
a 61 
Ja PN Rİ 
2 
e e—> 
63(t) 
N Yı 7 
n 
y2 
e 
where 
n= Ba, €1(t) = yıl = tei, 
e2(t) = 726 — tez, Biot A 


Relations between morphisms are: 
ô1Y2 = 6291, 
€2(t)a = y28a — tea = yen, 
d2€1(t) = do71 6 — tô2€1 = 61728 — t(d1€2 + 63726 — td3€2) 
= (61 — t63)(y28 — tez) = 43(t)ea(t). 
As €&€ = 1(918 —e,(t)) and 63 = +(61 — 03(t)) the relation 6,€,a@ = 63718a can be written as: 
0 = ôi (718 — ex(t))a — (61 — ösü))yin 
= dayan — O1er(t)a — 01919 + 03(t) 719 = 463 (t)y1n — O1e1(t)a. 


Hence, for t # 0 the quiver A(t) is quasi-isomorphic (its DG path algebra is quasi-isomorphic) to (the path 
algebra of) the quiver 


e 
a €2 & 
e e —>—e 
63 
~~ WA ——- 
n es 
e Y2 
with relations 
6172 = 6241, ÖZE = d2€1, 
0 = Yeh), b3717 = 016€ 0. 


This is the quiver with relations of a collection (Oy, Oy (F2), Oy (Fi), Oy (Hy), Oy (2Hy)) on Y. 


Note that if we denote by L; = Z(6;) then zo € Lı, xı € L3 and both zo and zı lie on Lz. The described 
deformation does not influence neither Lı, La nor xo. For t Æ 0, let La(t) = 7(d3(t)) and a1 (t) = Lı N La(t). 
Then as t goes to 0 the point x1(t) goes to xo along the fixed line Lə and L(t) is approaching Ly. 
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